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I. INTRODUCTION
An interesting point of discussion in the area of particle physics is the origin of electron
electric dipole moment which has not been explained by Standard Model of particle physics
yet. At present days, it is well-known that just experimental upper bounds have been
established [1]. Based on the Standard Model, an upper limit for the electric dipole moment
of an electron was established as de ≤ 10
−38 e · cm [1]. On the other hand, experiments
measured an upper limit given by de ≤ 10
−29 e · cm by using a polar molecule thorium
monoxide (ThO) [2]. This experimental result has shown a necessity of investigating the
physics beyond the Standard Model because the term associated with the electric dipole
moment violates the CP symmetry. A possible way of dealing with a scenario beyond the
Standard Model is the extension of the mechanism for spontaneous symmetry breaking
through vector or tensor fields, which implies that the Lorentz symmetry is violated.
Models that deal with the violation of the Lorentz symmetry have appeared in the litera-
ture after the seminal work made by Kostelecky´ and Samuel [3] in the string theory, where it
is shown that the Lorentz symmetry is violated through a spontaneous symmetry breaking
mechanism triggered by the appearance of nonvanishing vacuum expectation values of non-
trivial Lorentz tensors. Such models are considered as effective theories whose analysis of the
phenomenological aspect at low energies may provide information and impose restrictions
on the fundamental theory in which they stem from. Progresses of a possible generalization
of the Standard Model that includes the spontaneous violation of the Lorentz symmetry
have allowed us to build a general framework for testing the low-energy manifestations of
CPT symmetry and the Lorentz symmetry breaking which is known as the Standard Model
Extension (SME) [4]. In this framework, the effective Lagrangian corresponds to the usual
Lagrangian of the Standard Model to which is added to the Standard Model operators a
Lorentz violation tensor background. The effective Lagrangian is written as an invariant
under the Lorentz transformation of coordinates in order to guarantee that the observer
independence of physics. However, the physically relevant transformations are those that
affect only the dynamical fields of the theory. These changes are called particle transforma-
tions, whereas the coordinate transformations (including the background tensor) are called
the observer transformations. In Refs. [5–7], one can find a deep analysis of these concepts.
Concerning the experimental searches for the CPT/Lorentz-violation signals, the generality
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of the SME has provided the basis for many investigations. In the flat spacetime limit,
empirical studies include muons [8], mesons [9, 10], baryons [11], photons [12], electrons
[13], neutrinos [14] and the Higgs sector [15]. The gravity sector has also been explored
in Refs. [16, 17]. In Ref. [18], one can find the current limits on the coefficients of the
Lorentz symmetry violation. In recent years, Lorentz symmetry breaking effects have been
investigated in the hydrogen atom [19], on the Rashba coupling [20, 21], in a quantum ring
[22], in Weyl semi-metals [23], in tensor backgrounds [24, 25], in the quantum Hall effect
[26] and geometric quantum phases [27–32].
The arising of geometric quantum phases in interferometry experiments stems from the
presence of a potential vector along the path of a charged particle even though there exists no
interaction with a magnetic field [33] or electric field [34]. Geometric phases was introduced
by Berry [35] in 1984 to describe the phase shift acquired by the wave function of a quantum
particle in an adiabatic cyclic evolution. At present days, it is well-known that geometric
quantum phases can be measured in any cyclic evolution [36]. The best famous quantum
effect related to the appearance of geometric phases is the Aharonov-Bohm effect (AB) [33].
It is worth mentioning other quantum effects related to geometric phases that are termed
the dual effect of the Aharonov-Bohm effect [34] and the scalar Aharonov-Bohm effect [37].
In recent years, the study of geometric quantum phases has been extended to neutral par-
ticles with permanent magnetic dipole moment [38] and permanent electric dipole moment
[39]. However, the quantum effects associated with geometric phases for neutral particles
stem from the interaction between the magnetic (electric) dipole moment of the neutral
particle with electric (magnetic) field and are considered an AB-type effect in the sense that
this interaction is a force-free interaction [40]. Well-known quantum effects associated with
geometric phases for neutral particle are the Aharonov-Casher effect [38], the He-McKellar-
Wilkens effect [39] and the scalar AB effect for neutral particles [41–43]. Recently, analogues
effects for neutral particle have been studied, such as analogues of the He-McKellar-Wilkens
effect [31, 44], analogues of the Aharonov-Casher effect [32, 45] and analogues of the scalar
Aharonov-Bohm effect for neutral particles [31, 41–43].
In this paper, we study the appearance of relativistic geometric quantum phases in the
wave function of a Dirac neutral particle based on possible scenarios of the Lorentz symmetry
breaking defined by a tensor (KF )µναβ that corresponds to a tensor that governs the Lorentz
symmetry violation in the CPT-even gauge sector of the Standard Model Extension. We
3
show that relativistic analogues of the Anandan quantum phase [42, 43] can be obtained
and, as particular cases, relativistic analogues of the Aharonov-Casher effect [38], the He-
McKellar-Wilkens effect [39] and the scalar Aharonov-Bohm effect for neutral particles [41–
43] can be achieved. Further, we estimate upper bounds for constant parameters of the
Lorentz symmetry violation in particular cases.
This paper is organized as follows: in section II, we introduce the Lorentz symmetry
violation background defined by a tensor that governs the Lorentz symmetry violation in
the CPT-even gauge sector of the Standard Model Extension; in section III, we discuss
the appearance of relativistic geometric phases induced by the parity-even sector of the
tensor (KF )µναβ that governs the Lorentz symmetry violation; in section IV, we discuss
the appearance of relativistic geometric phases induced by the parity-odd sector of the
tensor (KF )µναβ that governs the Lorentz symmetry violation; in section V, we present our
conclusions.
II. BACKGROUND OF THE LORENTZ SYMMETRY VIOLATION
In recent years, a nonminimal coupling has been suggested in the fermionic sector in order
to study the behaviour of fermions beyond the description of the Standard Model. This
nonminimal coupling has an interesting property where the effects of the Lorentz symmetry
breaking in the CPT-even Gauge Sector of the Standard Model Extension is governed by
by a tensor background. Such coupling allows us to write the Dirac equation in the form
[24, 25]:
iγµ∂µψ +
ig
2
γµ (KF )µναβ γ
ν F αβ (x) ψ = mψ, (1)
where g is a constant, (KF )µναβ corresponds to a tensor that governs the Lorentz symmetry
violation in the CPT-even gauge sector of the Standard Model Extension. In particular, the
tensor (KF )µναβ can be written in terms of four 3× 3 matrices defined as
(κDE)ij = −2 (KF )0j0k ;
(κHB)jk =
1
2
ǫjpq ǫklm (KF )
pqlm (2)
(κDB)jk = − (κHE)kj = ǫkpq (KF )
0jpq .
Observe that the matrices (κDE)ij and (κHB)ij are symmetric and represent the parity-even
sector of the tensor (KF )µναβ . On the other hand, the matrices (κDB)ij and (κHE)ij has no
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symmetry and represent the parity-odd sector of the tensor (KF )µναβ .
Furthermore, the tensor Fµν (x) in (1) corresponds to the usual electromagnetic tensor
(F0i = −Fi0 = Ei, and Fij = −Fji = ǫijkB
k), and the γµ matrices are defined in the
Minkowski spacetime in the form [46]:
γ0 = βˆ =

 1 0
0 −1

 ; γi = βˆ αˆi =

 0 σi
−σi 0

 ; Σi =

 σi 0
0 σi

 , (3)
with ~Σ being the spin vector. The matrices σi correspond to the Pauli matrices and satisfy
the relation (σi σj + σj σi) = 2ηij. Our interest is to work with curvilinear coordinates, thus,
we need to apply a coordinate transformation ∂
∂xµ
= ∂x¯
ν
∂xµ
∂
∂x¯ν
, and a unitary transformation
on the wave function ψ (x) = U ψ′ (x¯) [31, 47]. In this way, the Dirac equation can be written
in any orthogonal system in the presence of Lorentz symmetry breaking effects described in
Eq. (1) as [31]
i γµDµ ψ +
i
2
3∑
k=1
γk
[
Dk ln
(
h1 h2 h3
hk
)]
ψ +
ig
2
γµ (KF )µναβ γ
ν F αβ (x)ψ = mψ, (4)
where Dµ =
1
hµ
∂µ is the derivative of the corresponding coordinate system, and the param-
eters hk correspond to the scale factors of this coordinate system [47]. For instance, the line
element of the Minkowski spacetime is writing in cylindrical coordinates in the form:
ds2 = −dt2 + dρ2 + ρ2dϕ2 + dz2, (5)
then, the corresponding scale factors are h0 = 1, h1 = 1, h2 = ρ and h3 = 1 [47]. Moreover,
the second term in (4) gives rise to a term called the spinorial connection Γµ (x) [29–31, 47].
In this way, the Dirac equation (4) becomes [31]
mψ = iγ0
∂ψ
∂t
+ iγ1
(
∂
∂ρ
+
1
2ρ
)
ψ + i
γ2
ρ
∂ψ
∂ϕ
+ iγ3
∂ψ
∂z
(6)
+ ig ~α · ~Eψ − g ~Σ · ~Bψ + ig ~α · ~Bψ − g ~Σ · ~Eψ,
where we have defined effective fields in the Dirac equation (6) as [32]
Ei = (κDE)ij E
j; Bi = (κHB)ij B
j ;
(7)
Ei = (κHE)ij E
j; Bi = (κDB)ij B
j .
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Hence, from the definition of the effective fields given in Eq. (7), we show that different
scenarios of the Lorentz symmetry violation can be built in order to study the appearance of
relativistic geometric phases in the wave function of a Dirac neutral particle. Our objective
in the next sections is to obtain relativistic analogues of the Anandan quantum phase [42,
43], the Aharonov-Casher effect [38], the He-McKellar-Wilkens effect [39] and the scalar
Aharonov-Bohm effect for neutral particles [41–43].
III. RELATIVISTIC GEOMETRIC PHASES INDUCED BY THE PARITY-EVEN
SECTOR OF THE TENSOR (KF )µναβ
In this section, our interest is to obtain relativistic geometric quantum phases that appears
in the wave function of a Dirac neutral particle induced by the parity-even sector of the
tensor (KF )µναβ that governs the Lorentz symmetry violation. We start by considering only
the matrices that represent the parity-even sector of the tensor (KF )µναβ can have non-null
components. In this way, the Dirac equation (6) becomes
mψ = iγ0
∂ψ
∂t
+ iγ1
(
∂
∂ρ
+
1
2ρ
)
ψ + i
γ2
ρ
∂ψ
∂ϕ
+ iγ3
∂ψ
∂z
+ ig ~α · ~Eψ − g ~Σ · ~Bψ. (8)
By applying the Dirac phase factor method [48, 49] into the Dirac equation (8), we can
write the Dirac spinor in the form ψ = eiφ ψ0, where ψ0 is the solution of the equation
mψ0 = iγ
0
∂ψ0
∂t
+ iγ1
(
∂
∂ρ
+
1
2ρ
)
ψ0 + i
γ2
ρ
∂ψ0
∂ϕ
+ iγ3
∂ψ0
∂z
, (9)
and the general expression for the geometric phase acquired by the wave function of the
neutral particle is given by
φA = −g βˆ
∮ [
~Σ× ~E
]
· d~r − g βˆ
∫ τ
0
~Σ · ~B dt. (10)
The relativistic geometric phase given in (10) corresponds to the relativistic analogue
of the Anandan geometric phase for a neutral particle with a permanent magnetic dipole
moment [42, 43] based on a Lorentz symmetry breaking scenario defined by the parity-even
sector of the tensor (KF )µναβ . In contrast to a previous study of the relativistic Anandan
quantum phase induced by a Lorentz symmetry violation background [29], whose geometric
phase is an Abelian geometric phase, we have that the relativistic Anandan quantum phase
(10) is a non-Abelian geometric phase. This difference between the Abelian nature and the
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non-Abelian nature of the relativistic geometric phases obtained in Ref. [29] and in Eq. (10)
results from the Lorentz symmetry violation background which is defined by a tensor field
in (1).
Let us consider a particular case defined by a field configuration given by a radial electric
field produced by a uniform linear distribution of electric charges on the z-axis, that is,
~E = E1 ρˆ = λ
ρ
ρˆ, where λ corresponds to the linear density of electric charges, ρ =
√
x2 + y2
is the radial coordinate, and ρˆ is a unit vector in the radial direction. In this case, the
relativistic Anandan quantum phase (10) becomes
φ1 = −ζ1 βˆ Σ
3 + ζ2 βˆ Σ
1. (11)
where ζ1 = 2πλ g (κDE)11 and ζ2 = 2πλ g (κDE)31. An interesting case occurs if we consider
the matrix (κDE)ij to be a diagonal matrix. From this, we have
φAC = −2πλ g (κDE)11 βˆ Σ
3, (12)
which corresponds to the relativistic analogue of the Aharonov-Casher effect [38] based on a
Lorentz symmetry breaking scenario defined by the parity-even sector of the tensor (KF )µναβ .
Observe that the relativistic geometric phase (12) does not depend on the velocity of the
Dirac neutral particle which consists in a non-dispersive geometric phase as established
in Refs. [40, 50, 51]. Note that the relativistic analogue of the Aharonov-Casher effect
geometric phase given in (12) is a non-Abelian geometric phase due to the Lorentz symmetry
violation background defined by a tensor field in (1) in contrast to the results of Ref. [29],
whose analogue of the Aharonov-Casher geometric phase [38] is an Abelian geometric phase
because the Lorentz symmetry violation background is defined by a fixed vector field.
Let us suppose an experimental ability to measure geometrical phases as small as 10−4 rad
[52], then, we can affirm that the theoretical phase induced for a neutral particle cannot be
larger than this value, that is, |φAC| < 10
−4rad. Thereby, by considering the spin of the
neutral particle to be up, by taking
∣∣∣ ~E∣∣∣ ≈ 107V/m and r0 = 10−5 m (which correspond to
the usual values of electric fields and radius for 1D mesoscopic rings [53]), we can estimate
an upper bound for the constant g (κDE)11 given by
|g (κDE)11| < 2.2× 10
−9 (eV)−1 . (13)
Next, let us consider another particular case defined by a field configuration given by
a uniform magnetic field on the z-axis, ~B = B0 zˆ. In this case, the relativistic Anandan
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quantum phase (10) becomes
φ2 = q1 βˆ Σ
3 − q2 βˆ Σ
2 − q3 βˆ Σ
1, (14)
where we have defined the parameters q1 = g (κHB)33 B0τ , q2 = g (κHB)23 B0τ and q3 =
g (κHB)13 B0τ . It is interesting to note that if we consider the matrix (κHB)ij to be a
diagonal matrix, the relativistic geometric phase (14) becomes
φSAB = −g (κHB)33 B0τ βˆ Σ
3. (15)
The quantum effect associated to the phase shift given in (15) corresponds to the rela-
tivistic analogue of the scalar Aharonov-Bohm effect for a neutral particle with a permanent
magnetic dipole moment [41–43] based on a Lorentz symmetry breaking scenario defined
by the parity-even sector of the tensor (KF )µναβ . Let us suppose again an experimental
ability to measure geometrical phases as small as 10−4 rad [52], with B0 = 21× 10
−4T and
τ = 17, 8×10−6 s [54]. From this, we can estimate an upper bound for the constant g (κHB)33
given by
|g (κHB)33| < 3.6× 10
−32 (eV)−1 . (16)
Finally, we must observe that the relativistic geometric phase (15) is a non-Abelian
geometric phase and it is a non-dispersive phase because it does not depend on the velocity
of the Dirac neutral particle [40, 50, 51].
Hence, we have seen that relativistic analogues of the Anandan quantum phase [42, 43],
the Aharonov-Casher effect [38] and the scalar Aharonov-Bohm effect for neutral particles
with a permanent magnetic dipole moment [41–43] can be obtained by defining different
scenarios of the Lorentz symmetry breaking induced by the parity-even sector of the tensor
(KF )µναβ . Moreover, we have seen that upper bounds for constant parameters of the Lorentz
symmetry breaking can be estimated based on these relativistic analogue effects.
IV. RELATIVISTIC GEOMETRIC PHASE INDUCED BY THE PARITY-ODD
SECTOR OF THE TENSOR (KF )µναβ
In this section, we consider only the matrices that represent the parity-odd sector of the
tensor (KF )µναβ can have non-null components. The main objective is to obtain relativistic
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geometric quantum phases induced by the parity-odd sector of the tensor (KF )µναβ that
governs the Lorentz symmetry violation. Thereby, the Dirac equation (6) becomes
mψ = iγ0
∂ψ
∂t
+ iγ1
(
∂
∂ρ
+
1
2ρ
)
ψ + i
γ2
ρ
∂ψ
∂ϕ
+ iγ3
∂ψ
∂z
+ ig ~α · ~Bψ − g ~Σ · ~Eψ. (17)
By applying the Dirac phase factor method [48, 49] into the Dirac equation (17), we can
write the Dirac spinor in the form ψ = eiφ ψ0, then, we have that ψ0 is the solution of the
equation
mψ0 = iγ
0
∂ψ0
∂t
+ iγ1
(
∂
∂ρ
+
1
2ρ
)
ψ0 + i
γ2
ρ
∂ψ0
∂ϕ
+ iγ3
∂ψ0
∂z
, (18)
and the general expression for the geometric phase acquired by the wave function of the
neutral particle is given by
φ′
A
= −g βˆ
∮ [
~Σ× ~B
]
· d~r − g βˆ
∫ τ
0
~Σ · ~E dt. (19)
The relativistic geometric phase given in (19) corresponds to the relativistic analogue
of the Anandan geometric phase for a neutral particle with a permanent electric dipole
moment [42, 43] based on a Lorentz symmetry breaking scenario defined by the parity-odd
sector of the tensor (KF )µναβ . Again, we can see that the relativistic Anandan quantum
phase is a non-Abelian geometric phase in contrast to the results of Ref. [31], whose Anandan
quantum phase is an Abelian geometric phase. As we have discussed in the previous section,
this difference between the non-Abelian nature and the Abelian nature also results from the
Lorentz symmetry violation background is defined by a tensor field background given in Eq.
(1).
Let us consider a special case defined by a field configuration given by a radial magnetic
field produced by a uniform linear distribution of magnetic charges on the z-axis, that
is, ~B = B1 ρˆ = λm
ρ
ρˆ, where λm corresponds to the linear density of magnetic charges,
ρ =
√
x2 + y2 is the radial coordinate, and ρˆ is a unit vector in the radial direction. The
experimental possible apparatus for achieving this field configuration was discussed in Ref.
[55]. In this case, the relativistic Anandan quantum phase (19) becomes
φ3 = −a1 βˆ Σ
3 + a2 βˆ Σ
1, (20)
where a1 = 2πλm g (κDB)11 and a2 = 2πλ g (κDB)31. Observe that if we consider the matrix
(κDB)ij to be a diagonal matrix, we have
φHMW = −2πλm g (κDB)11 βˆ Σ
3, (21)
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which corresponds to the relativistic analogue of the He-McKellar-Wilkens effect [39] based
on a Lorentz symmetry breaking scenario defined by the parity-odd sector of the tensor
(KF )µναβ . It is hard to estimate upper bounds for parameters of the Lorentz symmetry
breaking based on the relativistic analogue of the He-McKellar-Wilkens effect given in (21),
since magnetic charge have not been observed. However, experiments have been proposed
in order to reproduce the He-McKellar-Wilkens field configuration [55–58]. Recently, an
experimental test for the He-McKellar-Wilkens geometric phase has been made in atom
interferometry [59]. Despite the experiments cited above can reproduce the He-McKellar-
Wilkens field configuration, we decided do not discuss any upper bound for the Lorentz
symmetry breaking parameters in order to avoid any misunderstanding with our assumption
of magnetic charges.
Further, we can also observe that the relativistic analogue of the He-McKellar-Wilkens
effect [39] given in Eq. (21) is a non-dispersive geometric phase as established in Refs.
[40, 50, 51]. In addtiion, the geometric phase (21) is a non-Abelian geometric phase due
to the Lorentz symmetry violation background defined by a tensor field in Eq. (1). From
the Lorentz symmetry violation background defined by a fixed vector field, by contrast, the
analogue of the He-McKellar-Wilkens effect [39] obtained in Ref. [31] is an Abelian and a
non-dispersive geometric phase.
Finally, let us consider another special case defined by a field configuration given by a
uniform electric field on the z-axis, ~E = E0 zˆ. In this case, the relativistic Anandan quantum
phase (19) becomes
φ4 = d1 βˆ Σ
3 − d2 βˆ Σ
2 − d3 βˆ Σ
1, (22)
where we have defined the parameters d1 = g (κHE)33 E0τ , d2 = g (κHE)23 E0τ and d3 =
g (κHE)13 E0τ . It is interesting to note that if we consider the matrix (κHE)ij to be a
diagonal matrix, the relativistic geometric phase (22) becomes
φ′SAB = −g (κHE)33 E0τ βˆ Σ
3. (23)
The quantum effect associated to the phase shift given in (23) corresponds to the rela-
tivistic analogue of the scalar Aharonov-Bohm effect for a neutral particle with a permanent
electric dipole moment [41–43] based on a Lorentz symmetry breaking scenario defined by
the parity-odd sector of the tensor (KF )µναβ . Observe that the relativistic geometric phase
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(23) is also a non-Abelian geometric phase. The geometric phase (23) is also a non-dispersive
phase because it does not depend on the velocity of the Dirac neutral particle as discussed
in Refs. [40, 50, 51].
Hence, we have shown that relativistic analogues of the Anandan quantum phase [42,
43], the He-McKellar-Wilkens effect [39] and the scalar Aharonov-Bohm effect for neutral
particles with a permanent electric dipole moment [41–43] can be obtained by defining
different scenarios of the Lorentz symmetry breaking induced by the parity-odd sector of
the tensor (KF )µναβ .
V. CONCLUSIONS
We have discussed new possible scenarios of studying the violation of the Lorentz sym-
metry based on the appearance of the relativistic geometric quantum phases in the wave
function of a Dirac neutral particle induced by the parity-even and the parity-odd sectors
of the tensor (KF )µναβ that governs the Lorentz symmetry violation in the CPT-even gauge
sector of the Standard Model Extension. We have shown that it is possible to obtain a
relativistic analogue of the Anandan quantum phase [42, 43] induced by the parity-even
sector of the tensor (KF )µναβ , whose geometric phase is a non-Abelian geometric phase and
a non-dispersive quantum phase. As a particular case, we have shown that a relativistic
analogue of the Aharonov-Casher effect [38] can be achieved in a Lorentz symmetry viola-
tion scenario defined by a radial electric field produced by a linear distribution of electric
charges and by considering the matrix (κHB)ij to be a diagonal matrix. In this case, we have
also shown that bounds for the Lorentz symmetry breaking parameters can be calculated
as given in Eq. (13). Another particular case has been achieved in a Lorentz symmetry
violation scenario defined by a uniform magnetic field along the z-axis and by considering
the matrix (κHB)ij to be a diagonal matrix, which corresponds to the relativistic analogue
of the scalar Aharonov-Bohm effect for a neutral particle with a permanent magnetic dipole
moment [41–43]. Again, we have shown that bounds for the Lorentz symmetry breaking
parameters can be calculated as given in Eq. (16).
Furthermore, we have shown that it is possible to obtain a relativistic analogue of the
Anandan quantum phase [42, 43] induced by the parity-odd sector of the tensor (KF )µναβ .
Again, we have obtained a non-Abelian and non-dispersive relativistic geometric phase. We
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have also discussed particular cases of the relativistic Anandan quantum phase based on
two different scenarios of the Lorentz symmetry breaking. Based on a Lorentz symmetry
violation scenario defined by a radial magnetic field produced by a linear distribution of
magnetic charges and by considering the matrix (κDB)ij to be a diagonal matrix, we have
shown that a relativistic analogue of the He-McKellar-Wilkens effect [39] can be achieved.
Finally, we have considered a Lorentz symmetry violation scenario defined by a uniform
electric field along the z-axis and the matrix (κHE)ij to be a diagonal matrix. This last case
corresponds to the relativistic analogue of the scalar Aharonov-Bohm effect for a neutral
particle with a permanent electric dipole moment [41–43].
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